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Cone-Derived Waveriders with Longitudinal Curvature

M.L. Rasmussen* and L.W. Clementt
University of Oklahoma, Norman, Oklahoma

Lifting-body waverider configurations with longitudinal curvature are derived by means of known flowfields
past ogival bodies. The flowfields are generated by means of perturbations of the supersonic flow past a circular
cone. Approximate analytical solutions for the shock-layer flowfield are found within the framework of hyper-
sonic small-disturbance theory. Perturbations due to longitudinal curvature produce reduced drag, increased
lift-to-drag ratios, and provide design advantages for a more efficient volume distribution related to packaging
of guidance, propulsion, and payload units.

Nomenclature
Ab =base area of waverider
Cp = pressure coefficient
D = drag
/ =body perturbation function
Gm = shock perturbation function for power law
g = shock perturbation function
Kd =M00d, hypersonic similarity parameter; d in radians
L =lift
t = length of basic cone
MO, =freestream Mach number
m = perturbation index factor
Q -Poo^oo/2
r = radial distance from vertex
S = proj ected planform area
Sw = forebody wetted area
V = volume of waverider or fluid velocity
V^ = freestream velocity
(3 = basic-shock semivertex angle
7 = ratio of specific heats
<5 = basic-cone semivertex angle
e —small perturbation parameter
9 = polar angle, measured from z axis
0£,05 = polar angles of body and shock surfaces,

respectively
90 = strained polar angle
a =0/8
<t>f = dihedral angle in base plane

Introduction

NONCIRCULAR body cross sections and various lifting-
body configurations are of current interest as a means for

obtaining long-range and high-performance supersonic missile
characteristics. Configurations based on half-cones with delta-
wing flat tops were advanced by Eggers1 in 1960 for high-
altitude long-range hypersonic flight. Configurations based on
caret waveriders were also advanced in the early 1960s owing
to their simple known two-dimensional-based flowfields. A
general discussion of these types of configurations is presented
by Kuchemann,2 and related discussions are given by Town-
end3 and Stollery.4
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Recently, lifting-body configurations derived from cone
flowfields5"8 or derived from sections of cones9 have received
attention. Various effects on performance stemming from
Mach number variations, geometry variations, optimiza-
tion,10 and viscous drag11 have been ascertained. Whereas the
conical bodies and their associated conical flowfields have
proved very useful and enlightening for parametric design
studies, the sharp-nosed conical bodies themselves are not par-
ticularly advantageous for the packaging of guidance, propul-
sion, and payload units. In this regard, bodies with a more
ogival shape, i.e., with longitudinal curvature, are more ad-
vantageous for packaging purposes. Moreover, for the same
initial nose angle, it is possible that the lift-to-drag ratio can be
increased for waveriders with longitudinal curvature derived
from a perturbation of the conical waveriders. The purpose of
this paper is to address longitudinal curvature on these cone-
derived waverider configurations and to establish some
general results associated with parameter variations.

Formulation of the Problem
The starting configuration of basic interest is the idealized-

cone waverider, shown in Fig. la. This configuration is a
limiting case of more complicated and realistic shapes,5'6'10

such as the elliptic-cone waverider shown in Fig. Ib, and it
lends itself to a simple analysis while still exemplifying more
general configurations. The effects of longitudinal curvature
are accounted for by a perturbation of the axisymmetric flow
past a circular cone, the basis of which is sketched in Fig. 2.
Conventional spherical polar coordinates r, 9, and </> are used
in the analysis. Since the development is axisymmetric, the azi-
muthal angle 4> does not appear, except for the dihedral angle
<t>( of the final waverider configuration. The basic-cone body is
perturbed by the relation

(1)

where d is the basic-cone angle, f(r/£) a prescribed function
that produces the longitudinal curvature, £ the length of the
body, and e a small perturbation parameter being essentially
the ratio of the body length over the initial radius of curvature
of the body. The corresponding shock shape is given by

es=5[a-eg(r/g)] (2)

where g(r/£) is a function determined by the analysis and
a = j3/d the shock-to-body angle ratio of the basic problem.
The perturbation analysis for this problem has already been
carried out,12 and the results for the flowfield are available for
our utilization. A modified synopsis of this analysis will be
presented herein, and the nature of the shock-layer structure
described.

When the perturbed body, shock, and flowfield are used
to construct a perturbation to the idealized cone waverider,
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the resulting waverider configuration is as shown in Fig. 3.
The leading edges of the waverider winglets are now curved
instead of straight as for the unperturbed waverider shown in
Fig. la.

The flowfield outside the viscous boundary layer is
governed by the mass, momentum, and energy equations for
steady inviscid isentropic flow, i.e,

divpF=0 (3a)

PJA V F = - V p (3b)

F-Vs = 0 (3c)

where V is the velocity vector, and p, p, and s are the den-
sity, pressure, and specific entropy, respectively. In addition,
we have the equation of state for a thermally and calorically
perfect gas:

S — Sfi
(3d)

where cv and cp are specific heats at constant volume and
pressure, y = cp/cv, and s0, pQ, and p0 are suitable reference
quantities. It is convenient to utilize the compressible Ber-
noulli equation

JP . F-———— + -— = const
(y-l)p 2

(3e)

which is not independent of Eqs. (3a-d), but a statement that
the total enthalpy is conserved throughout the flow.

Owing to the nonanalytic behavior of the perturbation
variables at the body surface, it is useful, and, in fact,

necessary to introduce a new independent variable
G0 = G0(G,/*) that is tantamount to a straining of the
geometric polar angle 9 between the body and the shock. It
is convenient to define 90 such that

e-G,
e,-e* (4)

Thus, 00 takes the constant values d and /3 at the perturbed
body and shock, whereas G takes the values 6 and /3 at the
unperturbed basic body and basic shock. The new indepen-
dent variables are thus (G0,/*) which replace (G,r).

Perturbation Expansions
As shown in Ref. 12, the independent variables become

separable when the body perturbation/(r/f) has the power-
series form

m>0
(5)

where the em 's are all of the same order of smallness as e. The
corresponding shock function g(r/l) will then have the form

(6)

where the values of Gm, for each value of m, are to be deter-
mined from the analysis. With these expansions, we now get
from Eq. (4) the perturbation transformation

(7a)

CIRCULAR-CONE SHOCK

a)

ELLIPTIC-CONE SHOCK

Fig. 1 Cone-derived waveriders: a) idealized waverider, b) elliptic-
cone waverider.

Perturbed Shock
6S = & O - € 0(r// )]

Perturbed Body
i[ l -ef(r / f)]

Fig. 2 Ogival body produced by perturbation of a cone.

Fig. 3 Idealized cone-derived waverider with longitudinal curvature.
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where

(7b)

The perturbed flowfield differs only slightly from the con-
ical flow past a circular cone. Thus, we assume the first-order
expansions

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)

These expansions are essentially the same as in Ref. 12, except
that we have utilized the entropy variable and the straining
transformation, Eq. (7). The details of the subsequent
modified analysis can be found in Ref. 13.

The basic conical-flow variables w0, v0, p0, Po» and ^o can be

obtained from well-known tabulations. Our purposes are
facilitated by using accurate approximations that have proved
useful in similar perturbation analyses10'12:

s(Q,r)=s0 + cv £ em(—
m>0 ^

where

(9b)

(9c)

P0(90)/Poo= :

where

and

Jfi

(9e)

(90

(9g)

These approximations are valid for small cone angles and
large Mach numbers within the framework of hypersonic
small-disturbance theory. The hypersonic similarity variable is
Kd=M<xd. The hypersonic small-disturbance approximation
will be continued in the subsequent analysis.

The boundary conditions on the body surface, 9 = 6^, or
90 = 6, are described by the tangency condition V-nb = Q. For
the perturbation variables, the tangency condition reduces to

v0(5)=0 and (10)

At the shock, 9 = 95 or 90 = /5, the usual gasdynamic jump
conditions lead to

(lla)

(lib)

(lie)

(lie)

(HO

where aQ = yp0/p0 = jRT0 is the square of the speed of sound
in the basic flow. The other variables at the shock can be de-
termined in terms of Eqs. (11).

Analysis
Basic Procedure

When the expansions [Eqs. (7) and (8)] are substituted into
the governing equations, it is found that the first-order pertur-
bation equations are equidimensional in r and, hence, that the
90 dependencies can be sorted out for each order of m in-
dividually.12'13 Then, the state variables can be expressed as
functions of the velocity components until, finally, a single or-
dinary equation for Um can be obtained. When the solution
for Um is obtained, all of the other variables are also deter-
mined, since they can be expressed as functions of Um.

The development of the solution can be started with energy
equation (3c). Making use of the zeroth-order continuity equa-
tion, we can establish that the first-order entropy perturba-
tions Sm (90) have the form

po(90)i;0(90)sin90"
p0((3)v0((3)sint3

JQo-52]'
' L /32-62 J

(12a)

(12b)

Expression (12a) is exact, and expression (12b) is the hyper-
sonic small-disturbance approximation that is consistent with
Eqs. (9) [since p0 (90)/Po ( 0 ) — 1 ] • The entropy perturbations
vanish on the body surface, since the streamlines that wet the
body surface pass through the shock at its vertex, where the
perturbations vanish. The value at the shock S m ( p ) contains
the shock parameter Gm which remains to be determined. The
functions [Eqs. (12)] show the nonanalytic character of the
solution at the body surface.

The equation of state [Eq. (3d)] and the compressible Ber-
noulli equation [Eq. (3e)] are algebraic, and the first-order
perturbations for Pm and Rm can be sorted out and written in
the form

(13a)

(13b)

The velocity functions Um and Vm remain to be determined
from the mass and r-momentum perturbation equations.
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Now the remaining equations can be simplified if we in-
troduce new velocity variables U*m and V*m such that

V = V* + 0v m Y m ~ ̂ d00

(14a)

(14b)

The functions U^ and V*m are essentially the velocity functions
occurring in Ref. 12 with 0 as the independent variable. They
are related to Um and Vm by reconciliation of the perturbation
expansions [Eqs. (8a) and (8b)] with the straining transfor-
mation [Eqs. (7 a)] . In terms of the new variables, the r com-
ponent of the momentum equation (3b) generates K^ as a
function of U^ :

l + m L d 0 7(7-

The analysis of Ref. 12 can be simplified if a further
transformation function U** is introduced such that

It follows that

y* — -r m —

©o
6

1

\+m d00

(16)

(17)

When the foregoing results are used in the first-order pertur-
bation of the continuity equation (3a), a single equation for
U** can be obtained:

where

(18)

(19a)

'o d9b)

(19c)

m(\
7(7-1)

Approximate Solution
Approximations utilized previously for analogous prob-

lems5'10'12 have shown how accurate approximate solutions to
equations of the type of Eq. (18) can be obtained. We shall
adopt these herein. At the body surface, v0 and Sm vanish, and
hence A, B, C, and Hm vanish at the body surface. Further, pQ
and #0

 varY slowly across the shock layer and hence can be
regarded approximately as constants. Thus, we set A, B, and
C equal to zero approximately, and also the coefficient
2muQvQ/al of dL^/d00 as well. If al is treated as a constant
in the integral appearing in Hm, then by means of Eqs. (9b)

and (12b), we can evaluate Hm as

(20)

Finally, we note that d and 90 are small angles and, thus, in
the hypersonic small-disturbance approximation, we have

1
d2 (21)

Thus, the factor 2 + m - C appearing as a coefficient of U£* is
negligible in the hypersonic small-disturbance approximation,
as well as the function Hm. The embryonic form of Eq. (18) is
thus simply

de2 00 d00
where

m ~ L alW/a2^ J

The solution to Eq. (22) is

(22)

(23)

(24)

where z = 00/6, 70 and A",, are the modified Bessel functions of
the first and second kinds, A* and B* are constants of integra-
tion, and where we have anticipated certain functional
dependencies. When the integral in Eq. (16) is evaluated ap-
proximately, as for the function Hm given by Eq. (20), the ex-
pressions for U*m and V*m from Eqs. (16) and (17) become

m/2~|
(25a)

(25b)

The shock conditions [Eqs. (lib) and (lid)] and the sur-
face tangency condition [Eq. (10)] constitute three boundary
conditions for determining A*,B*, and Gm [by means of Eqs.
(14)]. We evaluate di>0/d00 from the exact basic-flow
equation13

(26)

Using Eqs. (9a) and (9b) for UQ and VQ, and evaluating al at
the shock by means of Eq. (9c), we solve for dvQ/dQ0 and ob-
tain the hypersonic small-disturbance form

dv0

d0n -04)- W(z)

where
vl(z)

(27a)

——— (27b)

Imposing the shock conditions [Eqs. (lib) and (lid)] now
leads to the evaluation of A * and B*:

* = a\m[C*K1(\ma)+D*K0(\ma)] (28a)



SEPT.-OCT. 1986 CONE-DERIVED WAVERIDERS WITH CURVATURE 465

where

D'- 7+1 o2{l-W(
W(a) 1
\-W(a)}\

(28b)

(28c)

(28d)

Imposing the surface tangency condition [Eq. (10)] leads to
the value of the shock-perturbation factor

2 + m (29)

The first-order solution is now complete, and the entire
shock-layer flowfield can be computed. The results are essen-
tially the same as in Ref. 12, but the present procedure is
somewhat different. Moreover, the results are in terms of the
strained variable 00 which describes the flowfield between the
perturbed body and perturbed shock, rather than in terms of
6 as for Ref. 12 which describes the flowfield between the
unperturbed body and unperturbed shock. The present
analysis is more appropriate for constructing waverider con-
figurations from the known flowfield.

Shock-Layer Structure
The validity of the foregoing approximate analysis can be

established by comparison of some of the results with the
numerical results of Van Dyke.14 Figure 4 shows the shock-
perturbation factor Gm as a function of K8 =M^b for m=l,
2, 3. The points with circles and squares are the discrete results
from Ref. 14. For m = 1, the present results agree well with the
numerical calculations of Van Dyke,14 being slightly higher
for Kd less than 1. The present results for m = 2 are slightly
higher than the three discrete points computed by Van Dyke.
As m increases, the value of Gm decreases. Since Gm is always
less than unity, the perturbation of the shock location is
always less than the corresponding perturbation of the body
location.

Another comparison can be made with the body-surface
perturbation pressure coefficient, defined as

2 P o ( d ) P m ( d )
(30)

In the evaluation shown in Fig. 5, p 0 ( d ) was replaced by the
shock value p0(/3) [from Eq. (9d)j, since this gave more ac-
curate results and is not inconsistent with the constant-density
or slowly varying properties of the basic-cone shock layer. The
values of m = 1 compare well with Van Dyke,14 being slightly
higher for Kb<\. For m = 2, the present results are slightly
higher (more negative) than the four discrete points from Van
Dyke. The perturbation pressure coefficient is negative, and
becomes more negative as m increases, since the ogival shape
for positive e produces a flow expansion.

Figure 6 shows the radial velocity perturbations Ul and U2
as a function of 00 across the shock layer for various values of
Kd. These perturbations are positive and approach a hyper-
sonic limit as Kd becomes large, where they show small varia-
tions across the shock layer. Figure 7 shows the polar velocity
perturbations Vl and V2 across the shock layer for various
values of Kd. The polar perturbations are negative (toward the
body) and nearly have obtained the hypersonic limit at Kd = 5.
The pressure perturbations P{ and P2

 are shown in Fig. 8. The
perturbations for m = 1 and 2 are very similar, being greater at
the body than at the shock. For large values of Kd, the pertur-
bations are fairly large, the more so for larger m, so that even
where e is fairly small the total perturbation ePm may be
significant. The density perturbations R{ and R2 are shown in
Fig. 9. Because the shock-layer flow is expanding (for positive
e) , the density perturbations are negative and greater at the
body than at the shock. In the hypersonic limit Kd = o°, the
density perturbations at the shock are zero, since the limiting
density ratio across the shock (7+1)7(7-!) is accounted for
entirely by the basic-cone solution (zeroth-order approxima-
tion). The entropy perturbation S{ is illustrated in Fig. 10.
Whereas the entropy perturbations at the shock are negative
because the perturbed shock is weaker than the basic shock
(for e>0), they vanish at the body because the surface
streamlines pass through the vertex of the shock which is
essentially unperturbed for m>Q. As Eqs. (12) indicate, the
entropy perturbations at the body 90 = d are nonanalytic for
odd positive values of m.

Waverider Configurations
When the velocity field is known, stream surfaces can be

established in the shock layer, and from these waverider
lifting-body configurations can be constructed.5'10 A general
optimization analysis analogous to that of Ref. 10 for axisym-
metric conical flow could be performed, but we shall be con-
cerned here with the special simple limiting case of the ideal-
ized waverider.

Since the flow is axisymmetric, any plane passing through
the axis of symmetry is a stream surface. The body surface is

1.0r

Van Dyke (1954)
• m = 1
• m = 2
7=1.4

4 6 8 10

K g - M O D &

Fig. 4 Shock-perturbation factor Gm vs Kd.
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Fig. 5 Surface perturbation pressure coefficient vs Kd.
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Shock —*I

-1.0

a)

.2 .4 .6 .8 1.0

e0-s

Fig. 6 Variation of radial velocity perturbation across shock layers,
a) m = l, b) m = 2.

also a stream surface. We can thus construct a lifting-body
configuration by selecting a pair of planes passing through the
axis of symmetry, oriented at a dihedral angle </>t as shown in
Fig. la, and acting as infinitesimally thin winglets. On the top
surface the shock-disturbed flowfield is discarded in favor of
the undisturbed freestream flow. On the lower compression
surface the plane surface extends as a winglet from the shock
to the ogival body, and the remainder of the compression sur-
face is the ogival body itself. The resulting body thus appears
to be riding on an ogival shock wave attached beneath it, such
as shown in Fig. 3. This idealized configuration is a limiting
case of more general configurations having finite-thickness
winglets that blend into the body, analogous to the conical
configuration shown in Fig. Ib.

Since the pressure in the shock layer, and thus on the stream
surface, is known, the lift and wave drag can be computed by
direct integration of the pressure over the body surface. Since
the winglets are aligned with the freestream, they produce no
wave drag. The pressure perturbation on the winglets depends
on both r and 9. For the lift, the r integration is simply carried

0 .2 .4 .6 .8 1.0

0 .2 .4 .6 .8 1.0

Fig. 7 Variation of polar velocity perturbation across shock layers,
a) m = l, b) m = 2.

out leaving only a quadrature over 90 for the perturbation
contribution. The wave drag comes entirely from the ogival-
body on which the pressure varies only with r and yields to a
simple integration. Thus, the lift and wave drag take the forms

L=L0\l
L

Dw=D0\
L

(31)

(32)

The contributions from the unperturbed idealized cone-
derived waverider have been obtained previously6'10 and are

(7+ 1

where q=p and

52 - = 1 + -

(33a)

(33b)

(33c)
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-8
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-4
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y .1.4

.2 .4 .6 .8 1.0

b) - *
Fig. 8 Variation of pressure perturbation across shock layers,
a) m = l, b) w = 2.

The perturbation contributions from longitudinal curvature
depend on Kd and m only and are

*__[ 4a2 d9m / d0m \
rc)(72 L (J+l d9n V d9n /

62

d90 \" ' d90 / d2

•[°Cp"(Z)dz\ (34a>J i 62 J

9. Cn (6)
(34b)2+m

where

de0 a-l
(34c)

and Cp is computed from Eq. (30) with/?0(z) evaluated at
the shock value, p 0 ( P ) , consistent with the calculation of Fig.
5. The base drag has been omitted, which is tantamount to set-
ting the base pressure equal to p^.

The perturbations for m - 1 and 2 are shown in Fig. 11 as
functions of Kd. Both the lift and drag contributions are
negative, becoming larger negative for larger values of Kd.
The perturbations become larger as m increases. The effect of

-BODY

-3

-2

-1
Kg = 0.5

.2

a)

-6

-4

>

-2

.4 .6

e0-s
ft-*

.8 1.0

7=1.4

.2 .4 .6 1.0

b)

Fig. 9 Variation of density perturbation across shock layers,
a) /n = l, b) m = 2.

81 -2

0 .2 .4 .6 .8 1.0

Fig. 10 Variation of entropy perturbation across shock layer,
a)m = l.

longitudinal curvature is thus to reduce both the lift and wave
drag, the more so for the larger value of m. The drag,
however, is reduced more than the lift, and hence the lift-to-
drag ratio is actually increased. For small values of e, we have

m>0
(35)

The perturbations in the inviscid lift-to-drag ration, Lm-Dm,
are also shown in Fig. 11 for m = 1 and 2.

If the magnitude of the perturbation is such as to reduce the
base radius by 10% then e = 0. 1 . If Kd = 3 and m = 1 , then the
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Fig. 12 Lift-to-drag ratio as a function of cone angle for e = 0 and
0.12.

Fig. 11 Longitudinal-curvature lift and drag perturbations vs Ag for
idealized cone-derived waverider.

forebody wave drag is reduced by 49%, the lift by 33.5%, and
the inviscid lift-to-drag ratio increases by 15.5% [according to
the first-order correction, Eq. (35), which is probably
conservative ].

The effect of longitudinal curvature on the inviscid lift-to-
drag ratio is shown in Fig. 12, according to Eq. (35). In this
figure, L/DW is plotted as a function of the unperturbed cone
angle d for M^ = 4 and m = 1. The curve for the unperturbed
idealized waverider is represented by e = 0, and the curve for
longitudinal curvature is shown for e = 0.12. This figure il-
lustrates the dramatic improvement in the inviscid lift-to-drag
ratio produced by longitudinal curvature. One may also verify
from this figure that a waverider without longitudinal cur-
vature having the same slenderness ratio as a waverider with
longitudinal curvature, that is, with a reduced cone angle
given by 6r = 6(l -e), has a smaller lift-to-drag ratio than its
counterpart with longitudinal curvature.

Effect of Longitudinal Curvature
on Design Parameters

Missile and aircraft design considerations involve such fac-
tors as base area Ab, volume V, projected planform area 5,
and forebody wetted area Sw. For the idealized cone-derived
waverider without longitudinal curvature, such as shown in
Fig. la, these factors are found to be6'10'11

AbQ=P52ct>e (36a)

(36b)

(36c)

1 ] (36d)

By a straightforward use of geometry and calculus, the cor-
responding first-order results for small longitudinal curvature
are

Ab=AbQ[l-2e] (37a)

(37b)

,~- ,(37c)

(37d)

Another factor of importance is the ratio V2/3 /S, for which we
have to first order

yy, yy, r r

"• o(2 + m) (38)

Again, we note that when e = 0.1, Kd = 3, and m = 1 the base
area is reduced by 20%, the volume by 15%, the projected
planform area by 5%, and the ratio V2/3/S by 5%. If the
dihedral angle </>f is 50 deg, the forebody wetted area is reduced
by 5%.

Concluding Remarks
The perturbations due to longitudinal curvature have their

greatest effects on the decrease of wave drag, which, of
course, is a primary factor in high-speed missile
aerodynamics. The lift is also deceased, but to a lesser degree,
and thus the inviscid lift-to-drag ratio shows a modest in-
crease. The preceding formulas allow the total drag

= DU (39)

to be estimated. Here, Df is the friction drag and Db the base
drag. The friction drag can be estimated by the simple
formula11

(40)

where Cf is an average friction coefficient. If Cf is taken as un-
changed by transverse-curvature effects, then Df decreases a
small amount because of the wetted area Sw. The base drag
can be expressed as

Db = qCpbAb (41)

where Cp is the absolute value of the base pressure coeffi-
cient, which in general is difficult to estimate precisely.
Because Ab is reduced significantly by transverse curvature,
however, then the base drag is also. With these formulas it is
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possible to examine the total lift-to-drag ratio over a variety of
design conditions, which is worthy of further study.

Transverse curvature reduces the volume from that of the
parent conical configuration, but the reduction is mainly in
the base region where it is not very useful anyway. Thus,
overall, transverse curvature provides a more useful distribu-
tion of volume, which is attractive for packaging purposes.

The flowfields shown herein are for the on-design waverider
conditions, and thus do not hold for off-design orientations or
changes in Mach number. Nevertheless, the on-design
flowfield is known accurately and in detail, which is not the
case for many other arbitrarily designed missile con-
figurations.
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